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Abstract
An analysis has been done for non-linearly stretching sheet with temperature-dependent ﬂuid properties with free stream mag-
netohydrodynamic (MHD) ﬂow. The transverse magnetic ﬁeld and the stretching velocity are assumed to vary as a power of
the distance. The thermal conductivity shows linear variation whereas the ﬂuid viscosity varies inversely with temperature. We
have incorporated similarity transformations in our study to mould partial diﬀerential equations into non-linear equations. These
equations are solved using Runge-Kutta Fehlberg method with the shooting techniques. In the present study, we discuss eﬀects of
various ﬂuid parameters on the proﬁles of velocity and temperature in the presence of free stream. The eﬀect with variations of
these parameters has been investigated. We found that the free stream velocity reduces the boundary layer thickness.
c© 2015 The Authors. Published by Elsevier Ltd.
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1. Introduction
The manufacturing processes of glass ﬁber, metal extrusion, wire drawing and continuous casting deals with con-
tinuously moving surfaces. The superiority of end product hinges on the heat transfer rate and thus the cooling method
has to be controlled well. The physical situation of these types of ﬂow was ﬁrst investigated by Sakiadis (1961), where
he probed moving surfaces which are continuous in nature. He concludes that ﬂow over boundary layer were diﬀerent
from that on stationary surfaces. Tsou et al. (1967) investigated the thermal behavior of boundary layer ﬂow. There-
after, various researches have been done on the boundary layer problem on continuously moving surfaces. Crane
(1970), Gupta and Gupta (1977), Soundalgekar and Murthy (1980) and Grubka and Bobba (1985) studied the heat
transfer and ﬂow characteristics on stretching and moving surfaces. But they restricted their research to analyze the
heat transfer and ﬂow characteristics in the absence of magnetic ﬁeld.
In various industrial and manufacturing processes, we ﬁnd several applications of MHD ﬂow over stretching sur-
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faces. The technique of stretching of plastic sheets is used in polymer industries whereas hydro-magnetic techniques
have been used in metallurgy processes. In respect of such applications, Andersson (1992) studied the behavior of
visco-elastic MHD ﬂuid above a stretching sheet and established that the magnetic parameter has the same inﬂuence
as the visco-elastic parameter. Ali (1994) investigated the heat transfer characteristics on boundary layer ﬂow and
extended his work where he applied magnetic ﬁeld over such problems and interpreted the results in case of various
thermal boundary conditions. Chiam (1995) analyzed the eﬀect on boundary layer ﬂow of Newtonian ﬂuid in the
presence of magnetic ﬁeld. The ﬂow is caused by non-linearly stretching sheet. Ishak et al. (2006) and Singh et al.
(2011) analyzed the eﬀect of magnetic ﬁeld toward a vertical and horizontal stretching sheet respectively in diﬀerent
physical situation.
In all the above studies, the thermo physical possessions of the ﬂuid were considered to be constant. Further, in
various processes the thermo physical properties are no longer constant, they vary with temperature and this aspect of
ﬂow was studied by Abel et al. (2002), Ali (2006) and Al-sudals (2012) on stretching surfaces. For lubricating ﬂuids,
heat is produced due to internal friction and therefore consistent rise in temperature disturbs the physical properties
of the ﬂuid. The rise in temperature results in rise in the transport proportion by dipping the physical properties. Due
to this, the thermal boundary layer is pretentious at the wall. Therefore, to analyze the heat transfer and ﬂow rates, it
is vital to study the variable ﬂuid properties. We extend the work of Prasad et al. (2010) for the case of free stream
velocity.
The aim of the present paper is to examine the eﬀect of temperature-dependent ﬂuid properties with free stream
velocity on the heat transfer and MHD ﬂow over a non-linearly stretching sheet using power law and is useful in many
industrial applications.
2. Formulation of the Problem
Herein we consider a steady, two-dimensional electrically conducting ﬂow of an incompressible ﬂuid. The ﬂow
is considered over an impermeable stretching sheet coincide with x-axis. The stretching surface is assumed having a
power law velocity u = uw = bxm, where b is a constant and m is an exponent. In the present study, magnetic ﬁeld
which has been induced is very small as compared to the applied magnetic ﬁeld and hence can be neglected. The
energy equation does not imbibe terms like ohmic heating as well as viscous dissipation. Under these assumptions,
the governing equations are as follows:
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where u and v are the velocity components in x and y directions respectively. Here, U is the free stream velocity of
the ﬂuid, ρ is the constant ﬂuid density and μ is the coeﬃcient of ﬂuid viscosity and is considered to vary inversely
with temperature as: μ = μ∞[1+δ(T−T∞)] , which will modify as:
1
μ
= α(T − Tr). Here, α = δμ∞ , Tr = T∞ − 1δ and μ∞
are constants, which represent ﬂuid’s thermal property. Generally, α < 0 and α > 0 correspond to gases and liquids
respectively when the temperature at the sheet (Tw) is higher than the temperature at far away from the sheet (T∞).
In the above equations, σ is the electrical conductivity and B2 is the strength of the magnetic ﬁeld. We assume
magnetic ﬁeld is of the form B = Box
m−1
2 . Here, cp denotes the speciﬁc heat at constant pressure and k denotes the
temperature-dependent thermal conductivity which is considered to vary linearly with temperature: k = k∞[1+ ΔT (T −
T∞)], where ΔT = Tw − T∞,  = kw−k∞k∞ is small in magnitude. Here, kw and k∞ denotes the thermal conductivities of
the ﬂuid at the sheet and far away from the sheet respectively. Substituting these in equations (2) and (3), we get
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The boundary conditions are
u = uw = bxm, v = 0, T = Tw at y = 0 and u→ U(x) = axm, T → T∞ as y→ ∞ (6)
where b is the stretching rate.
The dimensionless similarity variables are: η = yx
√
m+1
2
√
Re , ψ =
√
2
m+1
uwx√
Re
f (η) and θ = T−T∞Tw−T∞ ,
where Re = uw
ν∞ x is the local Reynolds number and ν∞ is the kinematic viscosity of the ﬂuid. Here, the continuity
equation (1) is completely satisﬁed with the relation u = ∂ψ
∂y and v = − ∂ψ∂x . Using these similarity variables, the equa-
tions (4) and (5) can be written as
β( f ′2 − λ2) − f f ′′ = 1
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The boundary conditions are transformed as
f (0) = 0, f ′(0) = 1, θ(0) = 1 and f ′(∞) = λ, θ(∞) = 0 (9)
where primes denote diﬀerentiation with respect to η, M = 2σB
2
ρb(m+1) is the magnetic parameter, λ =
a
b is the ratio of
free stream velocity to the stretching velocity, Pr = μ∞cpk∞ is the Prandtl number, β =
2m
m+1 is the stretching parameter,
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Tr−T∞
Tw−T∞ =
1
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2
m+1 is the ﬂuid viscosity parameter and it is negative for liquids, and  is the small thermal
conductivity parameter.
The quantities of practical interest are the skin friction coeﬃcient C f and the local Nusselt number Nu which are
deﬁned as
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Here, τw = −μ∂u∂y is the local shear stress and qw = −k∞ ∂T∂y is the local heat ﬂux.
3. Results and Discussion
We have used the Runge-Kutta Fehlberg scheme with shooting technique to study the coupled non-linear diﬀeren-
tial equations (7) and (8) along with the boundary conditions (9). To validate the numerical scheme used in the present
study, a comparison has been made for diﬀerent values of  with the known results of Prasad et al. (2010) in Table 1.
The values in the present study are comparable with the corresponding values from Prasad et al. (2010).
The eﬀects of stretching parameter β on velocity proﬁle curves are shown in ﬁgure 1 and 2 for λ < 1 and λ > 1
Table 1. Comparison of the values of f ′′(0) and −θ′(0) for diﬀerent values of  when M = 0, β = 0, Pr = 1, λ = 0, θr = −5.
 f ′′(0) f ′′(0) −θ′(0) −θ′(0)
Present Result Prasad et al. (2010) Present Result Prasad et al. (2010)
0 -0.70560 -0.703 0.61693 0.6141
0.1 -0.70486 -0.702 0.57429 0.5714
0.2 -0.70419 -0.701 0.53809 0.5351
0.3 -0.70358 -0.701 0.50693 0.5038
respectively. Here, β > 0 represents the sheet is stretching and β < 0 represents the sheet is shrinking. As β increases
the velocity decreases for λ < 1 (ﬁg. 1) and increases for λ > 1 (ﬁg. 2). In case of λ > 1, an inverted boundary
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layer is formed due to the greater free stream velocity than stretching velocity. In all the cases, the velocity gradient
increases and boundary layer thickness decreases with an increase in β. Figure 3 and 4 show the temperature proﬁles
for various values of β for λ < 1 and λ > 1 respectively. The temperature increases for λ < 1 and decreases for λ > 1
as we increase the stretching parameter β.
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Fig. 1. The velocity proﬁle f ′(η) when λ = 0.5.
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Fig. 2. The velocity proﬁle f ′(η) when λ = 2.
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Fig. 3. The temperature proﬁle θ(η) when λ = 0.5.
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Fig. 4. The temperature proﬁle θ(η) when λ = 2.
Table 2 show the values of f ′′(0) and −θ′(0) for various values of λ and β. Thus, it shows the variation in skin
friction coeﬃcient (C f ∝ f ′′(0)) and local Nusselt number (Nu ∝ −θ′(0)) with the change in stretching parameter β.
The magnitude of f ′′(0) increases in all the cases of λ as we increase the stretching parameter β. For λ < 1, the
values of f ′′(0) are decreasing (i.e. increasing in magnitude). Due to this, the magnitude of skin friction increases and
hence velocity decreases (ﬁg. 1). For λ > 1, the ﬂuid velocity is greater than the stretching velocity, the free stream
velocity has greater impact on ﬂuid velocity rather than the skin friction eﬀect. Due to this, for λ > 1, we obtain the
reverse trend on velocity proﬁle as we increase the stretching parameter β and hence velocity increases. Also, the
local Nusselt number Nu decreases for λ < 1 and increases for λ > 1 with the increase in stretching parameter β.
Table 2. The values of f ′′(0) and −θ′(0) for various values of β when M = 1,  = 0, Pr = 1 and θ−1r = 0.
λ β f ′′(0) −θ′(0)
0.5 -1 -0.24875 0.73009
0.5 0 -0.60439 0.69620
0.5 1 -0.83213 0.67935
2.0 -0.5 0.55973 0.90487
2.0 0 1.33840 0.95029
2.0 1 2.24903 0.98595
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Fig. 5. The temperature proﬁle θ(η) when λ = 0.
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Fig. 6. The temperature proﬁle θ(η) when λ = 0.5.
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Fig. 7. The temperature proﬁle θ(η) when λ = 2.
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Fig. 8. The velocity proﬁle f ′(η) when λ = 0.
Figures 5, 6 and 7 show the temperature proﬁles for various values of small thermal conductivity parameter  for
λ = 0, λ < 1 and λ > 1 respectively. In all the cases of λ, there is a rise in temperature proﬁle with the increase
in thermal conductivity parameter  (shown by the arrow). Table 3 indicates that there is a negligible change in skin
friction with change in , while Nusselt number decreases with increasing . Due to this, heat transfer rate increases
and hence temperature increases. The eﬀects of ﬂuid viscosity parameter θr on velocity proﬁles for λ = 0, λ < 1 and
λ > 1 has been shown in ﬁgures 8, 9 and 10 respectively. For λ < 1, the velocity proﬁle decreases (ﬁg. 8 and 9) while
we observe a reverse trend for velocity for λ > 1 (ﬁg. 10) as we increase θr. In other words, the eﬀect of viscosity is
signiﬁcant when we decrease the ﬂuid viscosity parameter θr and no viscosity means θr → ∞. Due to this, we obtain
a fall in velocity proﬁle when λ < 1 . Also, ﬁgure 11 show that the temperature rises as we increase the ﬂuid viscosity
parameter θr for λ = 0. Table 4 shows that for λ < 1, the local Nussult number Nu decreases while it increases for
λ > 1, and magnitude of C f increases as we increase ﬂuid viscosity parameter θr. Due to decrease in local Nussult
number Nu there is a rise in temperature (ﬁg. 11) for λ < 1 as we increase θr.
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Fig. 9. The velocity proﬁle f ′(η) when λ = 0.5.
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Fig. 10. The velocity proﬁle f ′(η) when λ = 2.
396   Vikas Poply et al. /  Procedia Engineering  127 ( 2015 )  391 – 397 
Table 3. The values of f ′′(0) and −θ′(0) for various values of  when M = 0, β = 0, Pr = 1 and θr = −5.
λ  f ′′(0) −θ′(0)
0 0 -0.70560 0.61694
0 0.2 -0.70420 0.53810
0 0.4 -0.70302 0.47977
0.5 0 -0.40560 0.71536
0.5 0.2 -0.40479 0.62992
0.5 0.4 -0.40411 0.56691
2.0 0 1.05340 0.93724
2.0 0.2 1.05124 0.83308
2.0 0.4 1.04937 0.75639
Table 4. The values of f ′′(0) and −θ′(0) for various values of θr when M = 0, β = 0, Pr = 10 and  = 0.
λ θr f ′′(0) −θ′(0)
0 -10 -0.68056 2.36783
0 -1 -1.06660 2.30524
0 -0.5 -1.39049 2.24792
0.5 -10 -0.38979 2.43923
0.5 -1 -0.61792 2.40655
0.5 -0.5 -0.81370 2.37763
2.0 -10 1.00825 2.70264
2.0 -1 1.62577 2.76388
2.0 -0.5 2.16891 2.81399
0 0.5 1 1.5
0
0.2
0.4
0.6
0.8
1
 θ    = −10
 θ    = −1
 θ    = −0.5
η
θ
r
r
r
Fig. 11. The temperature proﬁle θ(η) when λ = 0.
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Fig. 12. The velocity proﬁle f ′(η) for various λ.
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Fig. 13. The temperature proﬁle θ(η) when θr = −10.
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Fig. 14. The temperature proﬁle θ(η) when θr−1 = 0.
Figure 12 shows the velocity proﬁle curves for diﬀerent values of free stream parameter λ and it shows that the
velocity gradient rises with increase in λ. Therefore, boundary layer thickness will be thinner and we observe an
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inverted boundary layer as λ > 1. Figures 13 and 14 show the temperature proﬁles for various values of free stream
parameter λ in presence and absence of ﬂuid viscosity. Also, we observe that the free stream eﬀect on temperature is
small in viscous ﬂuid as compared to the invicid ﬂuid. In both cases, the temperature decrease as we increase the free
stream parameter λ and hence there is a reduction in the thermal boundary layer thickness but in presence of viscosity
the variation in temperature proﬁle curves is small (ﬁg. 13) as compared with the absence of viscosity (ﬁg. 14). In
other words,the boundary layer will be thinner for large λ. Thus, in order to reduce the thickness of thermal boundary
layer in industrial and engineering processes, the free stream parameter λ should be increased.
4. Conclusions
We have reported numerical results for a steady, two-dimensional MHD ﬂow of an incompressible viscous and
ﬂuid along a continuously non-linearly stretching sheet in presence of free stream. The eﬀects of stretching parameter
β, thermal conductivity parameter  and ﬂuid viscosity parameter θr have been studied. The key ﬁndings of the present
study are as follows:
• The eﬀect of the variable viscosity parameter θr decreases the ﬂuid velocity and increases the dimensionless
temperature when free stream parameter λ < 1 while for λ > 1, the ﬂuid velocity increases and temperature
decreases with an increase in θr.
• The velocity proﬁle curves show reduction for λ < 1 and enhancement for λ > 1 while opposite eﬀects have
been observed for temperature proﬁles with the increase in β.
• We observed an inverse variation of boundary layer thickness with λ and, velocity and temperature gradient
increases as we increase λ.
The results of this study might ﬁnd potential applications in liquid-based systems using stretching materials.
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